We find a new relation between the spectral problem for Bloch electrons on a two-dimensional honeycomb lattice in a uniform magnetic field and that for quantum geometry of a toric Calabi-Yau threefold. We show that a difference equation for the Bloch electron is identical to a quantum mirror curve of the Calabi-Yau threefold. As an application, we show that bandwidths of the electron spectra in the weak magnetic flux regime are systematically calculated by the topological string free energies at conifold singular points in the Nekrasov-Shatashvili limit.
Introduction
Recently, a new relation between the Hofstadter model [1] and the quantum geometry of a toric Calabi-Yau threefold was found [2] . The Hofstadter model is a simple twodimensional square lattice model for Bloch electrons in a uniform magnetic field. The electron spectrum in the Hofstadter model shows a remarkably rich behavior. The basic idea in [2] is to identify the eigenvalue equation for the electron with the quantization of the mirror curve of the toric Calabi-Yau threefold. The magnetic flux plays the role of a quantum deformation parameter.
An interesting implication of this correspondence is that the moduli space of the quantum Calabi-Yau geometry seems very complicated. In fact, it was observed in [2] that conifold and orbifold singular points in the moduli space correspond to band edges and van Hove singularities of sub-bands of the electron spectrum, respectively. The structure of sub-bands in the Hofstadter model is fractal for rational magnetic fluxes and the Cantor set for irrational fluxes [1] .
The correspondence was easily generalized to the triangular lattice system [3] . However, it is far from obvious to extend it to the honeycomb lattice system because the honeycomb lattice has two sub-lattices as shown in figure 1. In this paper, we specify a counterpart of the Bloch electron system on the honeycomb lattice. We show an equivalence between a difference equation obtained from the eigenvalue equations for the electron and a quantized algebraic curve of a toric Calabi-Yau threefold. This manifold is identified as local B 3 in the literature. Interestingly, the identified geometry is the same as the triangular case in [3] . The difference comes from moduli parameters in both cases. We find that the honeycomb lattice system corresponds to an unconventional moduli identification while the triangular lattice to a more natural one.
The honeycomb lattice is realized in graphene. The spectrum of Bloch electrons on the honeycomb lattice in a uniform magnetic field was first studied in [4] . Recently, the nonperturbative bandwidth in the weak magnetic flux regime was analyzed in great detail [5] . However, the analysis in [5] heavily relies on the numerical analysis. The analytic treatment is lacking. In this paper, we fill this gap by using the connection with the quantum Calabi-Yau geometry. We relate the non-perturbative bandwidth to the topological string free energy. We have powerful techniques to compute this free energy systematically. As a result, we can predict the bandwidth of the Bloch electron on the honeycomb lattice. This is a nice application of topological string theory to real physics.
The organization of this paper is as follows. In section 2, we discuss the relation between the Bloch electrons on the honeycomb lattice and the toric Calabi-Yau threefold. We specify the corresponding geometry. In section 3, we apply this relation to the energy spectrum. We show that the bandwidth in the weak magnetic flux regime is computed by the topological string free energy. Section 4 is devoted to concluding remarks. In appendix A, we briefly explain how to compute the topological string free energy.
2 From Bloch electrons to quantum Calabi-Yau geometry
Bloch electrons in a honeycomb lattice
We start with a short review of an electron system in a two-dimensional honeycomb lattice. We follow the notation in [5] . The main difference from the Hofstadter model is that the honeycomb lattice is a bipartite system with two sub-lattices. We have to treat these sub-lattices separately. We denote the two sub-lattices as A and B, as shown in figure 1 .
We turn on a magnetic field perpendicular to the lattice plane. As seen in [5] , the eigenvalue equations of the electron are then given by the following two-dimensional difference equations:
(2.1) where a is the lattice spacing. The magnetic flux φ is normalized as φ = 2πΦ/Φ 0 where Φ is the flux per unit cell and Φ 0 = hc/e. These eigenvalue equations are our starting point. Since there is no y-dependence of the coefficients, we can take the plane wave solution by Ψ X (x, y) = e ikyy ψ X (x), and the eigenvalue problem reduces to the one-dimensional problem:
(2.2)
We can easily eliminate one of these unknown functions. By eliminating ψ A (x), one gets the difference equation for only ψ B (x):
where λ := E 2 − 3.
If the magnetic field is turned off (φ = 0), the difference equation leads to
Setting ψ B (x) = e ikxx , we obtain the well-known dispersion relation for the honeycomb lattice:
where E = 0 is the zero-gap energy. For generic φ, the eigenvalue of (2.2) or (2.3) is quite rich. We show the spectra of λ and of E as functions of rational φ in figure 2.
Identifying the toric Calabi-Yau geometry
In this subsection, we look for the quantum mirror geometry of a toric Calabi-Yau threefold corresponding to the Bloch electron on the honeycomb lattice. Originally, the eigenvalue equations for the honeycomb lattice system are given by a couple of equations (2.2). In this picture, it is not easy to directly identify a counterpart on the Calabi-Yau side. However, once we use the reduced equation (2.3), we can find the corresponding geometry. Our conclusion is that the local B 3 geometry with unconventional moduli parameters describes the honeycomb lattice system. Note that the same geometry also describes the triangular lattice [3] . As we will explain below, the difference is just the moduli identification. For this purpose, we first shift the argument of (2.3)
Then the difference equation (2.3) leads to the symmetric form
(2.7)
We define the Hamiltonian operator on the right hand side by
Let us further introduce new canonical operators by
Then one finds
where we have used the Baker-Campbell-Hausdorff formula. We finally do the canonical transformation x = q − p/2 and y = q + p/2, and obtain
Clearly, the magnetic flux plays the role of the Planck constant in our convention. Naïvely, this operator is a quantized operator of the algebraic curve
However, one has to be careful in quantization prescriptions. We follow the quantization scheme in [6] , where a classical term e ax+by is quantized by e ax+by → e ax+by .
(2.13)
In this rule, the quantization of the curve (2.12) rather yields
Note that this operaor is just the quantum Hamiltonian for the triangular lattice studied in [3] . For our purpose, we have to start with the "classical mirror curve" 
where m 1 , m 2 , m 3 (and E ) are complex moduli parameters of the mirror geometry. To rewrite it as a more symmetric form, we shift the variables x → x + 1 2 log m 1 and y → y + 1 2 log m 2 . Then the mirror curve becomes
Now setting m 1 = m 2 = m 3 = e iφ/3 and E = e iφ/6 E, the two curves (2.15) and (2.17) get identical.
We conclude that the spectral problem for the Bloch electron on the honeycomb lattice is equivalent to the quantization of the local B 3 mirror curve (2.17) under the identification:
This identification of the moduli parameters is quite unconventional because the moduli parameters depend on the quantum parameter φ. The classical limit of the quantum geometry is obscure. Nevertheless, we will show in the next section, the topological string theory on this unconventional quantum geometry precisely describes the bandwidth of the electron spectrum on the honeycomb lattice. Note again that the same geometry also describes the triangular lattice if the moduli are set to m 1 = m 2 = m 3 = 1.
An application: bandwidth in weak magnetic regime
In the previous section, we find a relation between the Bloch electron on the honeycomb lattice and quantum geometry of local B 3 . In this section, we use this relation to compute the bandwidth of the electron spectrum in the weak magnetic regime. Throughout this paper, we focus on the spectrum of λ = E 2 − 3 rather than the original energy E. It is straightforward to translate the results here into E.
Known results
The spectrum in the weak magnetic regime was studied in great detail in [5] . Here we summarize the results in [5] . We are interested in the spectrum near the top λ = 6 and the bottom λ = −3 in the weak limit φ ∼ 0. The positions of the bands are approximately explained by the perturbative expansion of φ:
where n denotes the Landau level. The bottom spectrum for the lowest Landau level n = 0 is very special. In this mode, there is no quantum correction. This fact implies an existence of a supersymmetry. The bandwidth is non-perturbative in the magnetic flux φ. It is never visible in the perturbative expansions (3.1). One of the main results in [5] is the detailed quantitative analysis of the non-perturbative bandwidth. At the top of the spectrum, the leading nonperturbative contribution takes the form
where we have set φ = 2π/Q (Q → ∞), and non-perturbative magnitude S 0 is exactly given by
dq arccos 2 cos q − cos q = 10.149416064 · · · . (3.
3)
The function P inst top (n, φ) is the most non-trivial part, and its closed form is not known. The careful numerical analysis in [5] revealed its small φ expansion:
The spectrum near the bottom edge is more involved. In this case, it was observed in [5] that there is a pair of subbands for each Landau level n ≥ 1 whose bandwidths are almost same. The gap of these two subbands is almost regarded as a zero-gap. See table 1 in [5] . We distinguish these two subbands by subscript ±. At the leading order, their bandwidths have the same form:
where S 0 is the same number as (3.3). The function P inst bot (n, φ) is given by
As mentioned before, the lowest Landau level n = 0 is special. Its band structure is quite different from the excited levels. We do not look at it in this paper. See [5] in detail.
Relation to topological string free energy
We should note that almost all the results in the previous subsection were guesses based on the thorough numerical study in [5] . There is no systematic way to compute or predict the higher order corrections to the unknown functions P inst top (n, φ) and P inst bot (n, φ). In this subsection, we will relate these functions to the topological string free energy on the quantum local B 3 geometry. Using this nice connection, we can predict the higher order corrections to P inst top (n, φ) and P inst bot (n, φ) by using the topological string technique. The similar approach in the Hofstadter model is found in [7] .
Following [7] , we introduce new functions A top (n, φ) and A bot (n, φ) by
∂λ pert bot (n, φ) ∂n e −A bot (n,φ) .
(3.7)
From the results in the previous section, one easily finds A top (n, φ) and A bot (n, φ) as a series expansion in φ,
It is claimed in [7] that these functions are related to the free energy of the refined topological string in the Nerkasov-Shatashvili limit at conifold singular points. This is natural because, as discussed in [2] , the conifold singular points corresponds to the band edges.
Therefore it is expected that the expansion around the band edges are captured by the conifold frame. Below, we refer to the free energy in the Nerkasov-Shatashvili limit as the NS free energy for short. We will briefly review the refined topological string in appendix A. One of the main results in [7] is the following relation between the NS free energy of local F 0 in the conifold frame 1 F c (t c , ) and the function A(n, φ) in the Hofstadter model on square lattice,
where [[f ( )]] denotes the power series of f ( ) in starting from O( ). Our goal is to find a similar relation between the local B 3 geometry and the honeycomb lattice. It turns out that we need to slightly modify the relation (3.9) in this case. For our purpose, we need the NS free energy in the conifold frame. We will discuss how to compute it in appendix A. To fit the convention in the literature on the topological string theory, we slightly change the notation of the quantum mirror curve (2.11) as follows:
where we have formally replaced (ix, iy) → (ξ, η). Under this replacement, the quantum parameters φ and are related by = −φ. In general, the NS free energy has the following expansion:
where the coefficients F c,n (t c ) have the mass dependence, and in our case they are related to the quantum parameter as in (2.18) . Therefore one should keep in mind that F c,n (t c ) implicitly depend on .
Spectrum near the top
Let us consider the spectrum near the top λ = 6. Using the method in appendix A, we obtain the NS free energy F c (t c , ) order by order. See (A.23). We further re-expand its coefficients F c,n (t c ) in terms of , and find the following results: It is also important to notice that we need to modify (3.3) because the mirror curve itself depends on thorough the mass parameters. We find that it should be modified as
dq arccos 3 cos ( /6) 2 cos(q) − cos (2q − /2) 2 cos(q)
(3.13)
By combining these results, and comparing with (3.8a), we find
Therefore, we conclude that the instanton correction to the function P inst top (n, φ) can be computed from the topological string free energy.
Spectrum near the bottom
The computation of the NS free energy corresponding to the spectrum near the bottom is almost the same. In this case, we have the following expansion coefficients:
This expression includes the negative power corrections in . However, after setting t c = −φν/ √ 3 and = −φ, all of them disappear. By comparing (3.15) with (3.8b), we find following relation,
(3.17)
Conclusion
In this paper we proposed a new connection between the honeycomb lattice model and topological string theory. It is a non-trivial generalization of the original proposal in [2, 7] . The non-perturbative corrections to the spectrum near the top or the bottom can be expressed by the NS free energy on local B 3 geometry. This connection allows us to predict the higher order corrections to the function P inst (n, φ) systematically. We would like to note that the local B 3 with m 1 = m 2 = m 3 = 1 in (2.16) describes the Hofstadter model on the triangular lattice discussed in [3] . Then, we expect the relations (3.14) and (3.17) to be satisfied for this case too. Actually, we have checked that the similar relations hold by replacing the NS free energies F As a further generalization, it would be interesting to consider non-hermitian cases. The non-hermitian Hofstadter model was discussed in [8, 9] . Naïvely, the model would corespond to the topological string on genus-zero mirror curve. However, the (quantum) A-period is trivial for this curve. Therefore, firstly one need to reconsider what mirror curve corresponds to.
Since there are various kinds of the mirror curves in the topological string side, we can investigate the branch cut of the quantum A-period which corresponds to the band spectrum in the Hofstadter model, if it exists. In this sense, we can give a lot of predictions from the topological string side. Especially, it would be interesting to find the Hofstadter model corresponding to the higher genus mirror curve. Even in this case the topological string would be powerful method to study the Hofstadter model systematically.
A Refined topological string and NS limit
Here we briefly review the refined topological string. Originally, the refined topological string is proposed in [10] to generalize the geometric engineering [11] [12] [13] [14] . The free energy of the refined topological string is given by
where 1,2 are two deformation parameters. Through the geometric engineering, the partition function defined by Z = e F (t, 1 , 2 ) agrees with the Nekrasov partition function [15] of 5d N = 1 gauge theory with several gauge groups. In the unrefined limit 1 + 2 = 0, the refined topological string reduces to the usual topological string, which is determined by F 0,g (t).
Another interesting limit is the Nekrasov-Shatashvili limit defined by turning off one of the omega deformation parameters [16] ,
2n F n,0 (t).
(A.2)
We call this free energy the NS free energy for short. Also, we denote F n,0 (t) by F n (t).
One of the method to calculate the NS free energy is to solve the refined holomorphic anomaly equation [17] that is a generalization of the holomorphic anomaly equation [18] . The refined holomorphic anomaly equation is the recursive equation for F n,g (t). Using it, we can obtain the NS free energy. The explicit computation has been done in e.g. [19, 20] . In this paper, we instead utilize the operator method discussed in [21, 22] as a more efficient way to calculate the NS free energy.
A.1 Solving the Picard-Fuchs equation
To obtain the NS free energy, we first compute the classical periods by solving the Picard- 
